l(/'\) = estimate of (*)

(*)* = optimal value of (-)
() = mean value of ()
Subscripts

e = experimental value
d = calculated value
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Particle Turbulent Diffusion in a

Dust Laden Round Jet

The turbulent diffusion mechanism of particles in a round air jet are
studied both theoretically and experimentally, with particular attention to
the relative velocity between particles and fluid, overshooting effect of

SHINICHI YUU
NAOTO YASUKOUCHI
YASUO HIROSAWA

particles, and the distributions of fluid properties in space. The results indi- and

cate that the particle diffusivity decreases with the increase of the particle
inertia. In general, the turbulent diffusivity of particles in an air jet is smaller
than that of fluid scalar quantities. The particle inertia and the fluid large
eddies, which are expressed by the Stokes number and the integral scale,

TOMOSADA JOTAKI

Kyushu Institute of Technology
Tobata, Kitakyushu 804, Japan

respectively, play an important role in the transport mechanism of particles.

SCOPE

Attention has been focused on the diffusion of small
particles in dust laden turbulent jets. Such a phenomenon
is of interest in rocket engine exhausts, atomized fuel
injection systems, spraying and waste disposal plumes,
and also applied to such diverse applications as numerous
cleaning devices and aerosol production. The principal
purpose of the present study is to reveal the mechanism
of the particle turbulent diffusion in the dust laden jet by
predicting particle turbulent diffusivities theoretically and
measuring them experimentally.

Many theoretical investigations of the turbulent diffu-
sion of particles in the stream have been done. Most of
the work, however, paid less attention to the effects on
the particle diffusion summed up as follows.

0001-1541-78-1143-0509-$01.35. © The American Institute of Chemi-
cal Engineers, 1978,

AIChE Journal (Vol. 24, No. 3)

1. The effect of the overshooting of particles from one
eddy to another.

2. The effect of the relative velocity of particles to
fluid due to the interaction between fluid movement and
particles.

3. The effect of the various distributions of time aver-
aged fluid velocities and turbulent properties (intensity,
time scale, etc.) in space.

Moreover, in experimental works the assumption was
also made that time averaged velocities of particles and
fluids are equal, so that the turbulent diffusivity of par-
ticles may be calculated from the experimental result of
concentration distribution.

In order to describe the mechanism of the turbulent
diffusion of particles correctly, the factors described above
should be taken into consideration, especially in a real
situation, such as a jet flow.
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Hinze (1959) derived the diffusivity of particles in a
homogeneous turbulence, which does not have the dis-
tribution of time averaged velocities and intensities, by
solving the Lagrangian equation of particles. He assumed
that the same fluid will surround the particle as it moves
(no overshooting). The mechanism of a real turbulence
is such that it is hardly possible for this to be satisfied.
Accordingly, his result indicated that the turbulent dif-
fusivities of particles and fluid become equal when ¢
(diffusion time) >> T, (integral time scale), which ob-
viously contradicts to the actual phenomenon,

Bullin and Dukler (1974) proposed modeling the tur-
bulent gas diffusion process by repeated solutions of the
Langevin equation on a hybrid computer. In their ap-
proach, velocity fluctuations were simulated by using
white noise filtered in such a way as to reproduce the
spectrum and the root-mean-square of the turbulent fluc-
tuations. Recently, Lee and Dukler (1976) extended the
method of Bullin and Dukler to include the presence of
turbulent shear stress. This has been done by generating
input fluctuating signals correlated with each other. They,
however, did not treat a particle turbulent diffusion proc-
ess.

In this work, we calculate the turbulent diffusivity of
particles by considering the distributions of time aver-
aged fluid velocities and turbulent properties in space,
the overshooting effect of particles from one eddy to
another, and the relative velocity of particles to fluid,
as follows, First, the turbulent Lagrangian trajectories
of particles are calculated by solving the Lagrangian
equation of particles directly through a digital computer.
Second, the displacements of many particles started from
the same point are mean squared. Since this equation
is a second-order, nonlinear, stochastic equation, it is
very difficult to calculate it in consideration of all the
eddies of fluid. Accordingly, we calculate it paying
attention to the behavior of the energy containing eddy
which is approximately expressed by a diffusion scale
(Lagrangian integral scale).

The distribution of particle concentrations in a jet
is measured by the change of particle turbulent properties,
and then the turbulent diffusivity of particles is obtained
from the experimental values in almost the same way
as Van der Hegge Zijnen (1958). This is compared and
discussed with the calculated results.

The effect of the turbulent properties of fluid and
particles on the turbulent diffusion is explained in detail.

CONCLUSIONS AND SIGNIFICANCE

Calculated results based on our model and experi-
mental results of the turbulent diffusivities were in good
agreement, The results indicate that the turbulent dif-
fusivity of particles in a jet is not equal to that of a fluid,
even when the diffusion time ¢ >>> the Lagrangian in-
tegral time scale Ty, and that the former is smaller than
the latter. Accordingly, Hinze’s equation cannot be ap-
plied to the particle diffusion in a turbulent jet. When
one attempts to describe the mechanism of the turbulent
diffusion of particles, the most important factors are
the Stokes number of particles and the distribution of
T, the intensity and time averaged velocities of fluid.
The turbulent diffusivity of fine particles is predominantly
characterized only by the Stokes number when the flow
field is identical. Then, the larger the Stokes number or

particle inertia, the smaller the particle turbulent diffu-
sivity.

There is the region where time averaged particle vol-
ocity U, is not equal to time averaged air velocity U
in the dust laden jet. But U, becomes equal to U in the
region far from the jet exit (that is, z = 30D in the case
of ¥ = 3.4, 2z = 42D in the case of ¥ = 15, and z = 65D
in the case of ¥ == 30). The particle diffusivity in a turbu-
lent round jet increases with z initially and eventually
becomes nearly constant, and the distance from the jet
exit where the diffusivity reaches constant coincides with
the distance where U, becomes equal to U.

This simple method of simulating turbulent diffusivity
with mean velocity, intensity, and integral time scale dis-
tributions will permit the prediction of particle turbulent
diffusion in free turbulent streams and boundary layers.

Buossinesq (1877) introduced a turbulent diffusivity
by analogy to the molecular diffusion term Dp 9C/dx;,
such that

oC

—<Cu/>=¢
Bxi

(1)

The turbulent diffusion equation, which is derived from
the time averaged conservation of mass and Equation
(1), takes the form

CV-U, + Uy VC = V:eVC (2)

The basic problem now is to derive an expression for e.
Taylor (1921) presented the first attempt at a descrip-
tion of the diffusivity of turbulence. In a turbulent field
which is homogeneous in space and stationary in time,
Taylor found the dependence of the Lagrangian mean
dispersion of a fluid particle with time for limiting cases
of small and large dispersion times. Bachelor (1949,
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1952) showed that the dispersion depends on the vel-
ocity correlation of a single particle and that in homo-
geneous turbulence, the probability distribution of the
displacement of the particle always tends to Gaussian
distribution. Batchelor (1957) that noted when the prob-
ability distribution of the displacement of particles has a
Gaussian form, the diffusivity can be interpreted as fol-
lows:

1 d
epr=—2-—a-t-< (rp — <1p>)*> (3)
He also reported that the diffusivity initially increases
with time and eventually becomes constant.

Corrsin  (1953) reported the effect of a gradient of
the mean velocity on turbulent diffusion by considering
a flow field with a uniform velocity gradient, where the
correlation between cross velocity components is zero.
Riley and Corrsin (1971) simulated the dispersion for
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homogeneous turbulent shear flows by using a digital
computer. Their results were in good agreement with
the long and short diffusion time prediction of Corrsin’s
approach mentioned above.

Lee and Dukler (1976) proposed modeling the tur-
bulent diffusion with the turbulent shear stress by re-
peated solutions of the Langevin equation. They found
that diffusion in the presence of both gradient and shear
is shown to be independent of the degree of correlation
between velocities for diffusion time ¢ = 2500 s or t
= 100 s, but that diffusion is significantly influenced by
the existence of cross correlation at all intermediate
times. All of these studies, however, are on the diffusion
of fluid lumps. The diffusion of solid or liquid particles
with much larger density than that of fluid, have re-
ceived very little attention.

Tchen  (1947) derived the Lagrangian equation of
motion for particles suspended in an unsteady velocity
field by extending the Basset-Buossinesq-Oseen equation.
Corrsin and Lumley (1956) improved the pressure gra-
dient term in Tchen’s equation. Hinze (1959) further
suggested considering small particles and limiting the dis-
cussion to locally uniform fields and simplified this equa-
tion. The equation for the i component of the flow in
the Stokes law regime takes the form

do 36 3 dv
2t (0 — 0)) = e —
dat (2pp + p)d? 2op tp di
dv; doy
¢ dy dt
L 18 L A O
(2pp + p)d a St NE—¥

Hinze (1959) analyzed particle movements in the turbu-
lent flow, whose intensity and time averaged velocity
are constant, by using Equation (4) and provided the
relation between the particle diffusivity e, and the fluid
lump diffusivity €. In the analysis, he assumed the neigh-
borhood that during the motion of the particle was
formed by the same fluid. The result indicates that e,
and ¢ become equal when the diffusion time ¢ >>> the
fluid integral time scale Ty. This is a questionable result,
because we can not avoid the possibility that the particle
will escape from its originally surrounding fluid.

Peskin (1959, 1962) has studied this problem. He
assumes a joint Gaussian distribution for the fluid vel-
ocities, in which case the expected velocity encountered
by the discrete particles may be equal to the Langrangian
velocity times the spatial Eulerian correlation coefficient
corresponding to the distance h between the centroids
of the originally surrounding fluid and the particle. Peskin
restricts his calculation to small values of h. Hence, the
result is a slightly reduced diffusivity of the particles rela-
tive to the fluid. Recently, Davidson and McComb (1975)
calculated the particle diffusivity in a round aerosol jet
by using Hinze’s relation. It is not adequate to use
Hinze’s relation for the particle diffusion in a jet. Other
approximate solutions of simplified physical models for
various flows are those of Kantrowitz (1940), Soo and
Peskin (1958), and Kuboi et al, (1974). Their results,
although fruitful in some cases, have been rather limited.
On the other hand, many experimental studies of the
eddy diffusion in a jet flow have been also done. Van
der Hegge Zijnen (1958) pointed out that scalar quan-
tity, too, satisfies the similarity in the developing region
of a jet flow and that it tends to diffuse more easily than
the momentum of fluid, through the measurement of
the distribution of scalars (temperature and gas con-
centration) in both a round jet flow and a two-dimen-
sional one. Recently, measuring the turbulent diffusion
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quantity of Helium gas in a round et, Aihara et al
(1974) found that the behavior of a large eddy plays
an important role in the turbulent diffusion. Bashir and
Uberoi (1975) have shown that the turbulent intensity
of scalar, as well as that of fluid velocity, satisfies the
similarity in the developing region of a two-dimensional
jet by measuring experimentally the turbulent intensity
of temperature. Goldschmidt and Eskinazi (1966) exam-
ined the distribution of concentrations of the liquid par-
ticles of the average diameter on a weight basis 3.3 pm
in a two-dimensional jet. They indicated that the particle
mass tends not to diffuse more easily than the fluid
momentum, but only after calculating diffusivities by
the diffusion equation, using the experimental results
of the concentration distribution in the same method as
Van der Hegge Zijnen (1958).

In the case of derivation of diffusivities, they have
made assumptions that the average velocities of par-
ticles and fluid are equal and that the diffusivity at each
cross section is constant. Although such a region where
the assumptions are reasonable is considered to exist,
the assumptions are not applied to the whole region
of a jet. The region where those assumptions can be
applied should be estimated quantitatively. Hedman and
Smoot (1975) indicated through measurement of the
concentration distribution of aluminum particles of diam-
eters 6 and 30 um that the mass of particles tends not
to diffuse more easily than the fluid momentum. In the
present work, a particle diffusion mechanism is analyzed
with the Lagrangian and the Eulerian considerations.

JET FLOW

Values of the time averaged velocity, the fluctuation
velocity, and the integral scale of fluid are required to
calculate particle velocities, trajectories, and diffusivities
in a jet. Values used for the present calculation are
shown in the following section.

Time Averaged Fluid Velocity

The first theoretical distribution of the time averaged
velocities in a turbulent round jet was given by Tollmien
(1926) who based his study on Prandtl’s mixing length
theory. Hinze (1959) and Townsend (1962) also con-
sidered the distribution of the time averaged velocities
obtained according to the classical theories of Boussinesg,
Prandtl, and Taylor. However, there is no analytical ex-
pression of time averaged velocities in which the mixing
layer and the main region of a jet are smoothly joined
to each other. It is much better to use an empirical
equation which expresses the experimental values of the
time averaged velocities of fluid correctly, because only
the values at each point of the jet are needed for this
calculation. Therefore, polynomials are used, which accu-
rately express experimental values of time averaged fluid
velocities. When we take the coordinate system as shown
in Figure 1, the empirical formulae of fluid time averaged
velocities are as follows:

1. Potential core

U=1 V=0 (5)
2. Mixing layer
_ r—05 1 )2
U=1-926 — +
z 13.6

7o 1\
+34o(' 05 ) (6)
z 13.6

. T— 05 \? T— 05 \3
7o —aos (T8 Y e (F203)
V4
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Fig. 1. The jet model.
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Fig. 2. Time averaged air velocity distribution.

+ 255 (—’-——05—)4 (7)

z
3. Main region

T = (6.8 — 63072 + 23134%)z1 (8)
V = {3.40y — 472% + 18519t} 271, g =1/z (9)
The following dimensionless variables are used:
Z=12z/D, T=1/D, U=U/U,
V=V/U, T=1tU/D

The experimental values of Forthmann (1934), Wygnan-
ski (1969), and the authors are plotted for these poly-
nomials in Figure 2. As is obvious from the figure, these
equations express those experimental values well.

Fluid Fluctuating Velocity

Fluctuating velocities vary their directions and sizes
randomly in space and time. Liepman and Laufer (1947)
Laurence (1956), and Corrsin and Uberoi (1943, 1949,
1951) obtained experimental results of fluid turbulent
intensities. Both intensity distributions of the mixing layer
and the main region are nearly normal. Therefore, their
experimental data of intensity distributions are expressed
by using normal distribution functions as follows:

1. Mixing layer

<u2> = (0.0217 exp(—200 7,2) U3,
<uy2> = 0.0103 exp(—217 7,2) U?
where 7, = (r — 0.5) /.

2. Main region
<u/?> = 191 U2 exp(—154 %) /22,

(10)
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<u/t> = 2.26 U2 exp(—178 42) /22 (11)

These empirical formulas described above agree well with
the experimencal values with maximum error of 4%.

Integra! Scale Distributions

The Lagrangian integral time scale T is usually con-
sidered a measure of the longest time during which, on
the average, a fluid lump persists in moving in a given
direction. It seems that Tp plays an important role in
the transport mechanism of the turbulent flow field.
Corrsin (1963) estimated the Lagrangian time scale to
be L/u’. Snyder and Lumley (1971) experimentally
pointed out that Corrsin’s estimate is very close to the
true value. Therefore, approximate values of Tj are
obtained by substitution of measured Eulerian properties
into Corrsin’s relation. In the present work, experimental
results of L of Comrsin and Uberoi (1949), Laurence
(1956), and Wygnanski (1969) are used. Considering
lateral diffusion, we use the lateral integral scale for L.
Empirical formulas of their results are as follows:

1. Center-line distribution of L = L/D
Lo = Ln/D = 0.0132% (12)

where Ln is the Eulerian integral scale at the center
line of the jet.

9. Radial distribution of T
zZ=4

L =Tnlexp{—100[ (r + 0.45)/z]12}

+ exp{—100[ (r — 0.45) /z]2}1°5 (13)
4 <z=10L = L, exp{—40(9)2},
2> 10T = L exp{—50(n)2} (14)

CALCULATION OF PARTICLE TURBULENT DIFFUSIVITIES

Calculation of Particle Trajectories and Velocities

Since the particle is about 10° times as large in density
as air, the particle cannot follow thoroughly the fluid
motion due to the inertia. Hence, the motion of particles
is not the same as that of fluid lumps. The motion of
particles is treated as the motion relative to the turbulent
fluid. The Lagrangian motion of particles can be cal-
culated by Equation (4). Hinze (1959) and Hughes
and Gilliland (1952) further indicated that the first and
second terms on the right-hand side of Equation (4)
can not be neglected only if the density of the fluid
becomes comparable to or higher than the density of
particles. Calculations by Tanaka and Iinoya (1971)
also suggested that the Basset term is usually negligible.
Since the density ratio p/p, in this work is nearly equal
to 1073, Equation (4) is simplified to the following forms:

d&F - dr _ &z di _
v +—=-0,=0, ¥—F+——0,=0
de2 dt dt? dt

(15)

The dimensionless parameter ¥ is called the Stokes num-
ber and defined as
¥ =1S/D,

S = p,Uod?/ (18p) (16)

The Stokes number is the ratio of the particle stopping
distance to the characteristic length. Hence, ¥ expresses
the effect of particle inertia in the flow.

Instantaneous fluid velocity components in Equation
(15) are written as
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v:=U+0v, 6,=V+7o/ (17)

Fluid fluctuating velocity components v,” and v, vary
randomly in space and time. Fluid time averaged vel-

ocity components U and 'V also vary in space. It is very
difficult to solve analytically the stochastic nonlinear
differential Equation (15). Hence, we propose a simple
model to solve Equation (15).

The particles move, surrounded by an eddy which
has the lifetime Ty, and the relative motion of the par-
ticles to the fluid is caused by the interaction between
fluid and particles in that eddy. T, is defined as

Ty=f" Rutn)de (18)

Hence, Ty, is the longest time during which, on the aver-
age, a fluid lump persists in moving in a given direction.
Accordingly, as in Figure 34, the Lagrangian velocity
correlation of the fluid B; = 1 when the diffusion time
t = Ty, and that of the fluid initially surrounding the
particle becomes zero when t > T in our model. In
other words, an independent eddy of the first one sur-
rounds the particle and affects its movement during the
next Ty, The concept of our model is illustrated in Figure
3b. The general description of the model is as follows.

The particle moves, surrounded by the eddy which
has the lifetime Tp; when ¢;, = ¢t = ¢; + T (It is an
average eddy and may be roughly considered an energy
containing eddy.) If the position of particle has the
coordinates (r = r;, 2 = z;) and the particle velocity
components are Upy and vy, at ¢ = ¢, the fluid fluctuat-
ing velocities v,” and v, at the same point are obtained
by normal random functions whose average values are
zero and variances are equal to fluid turbutent intensities
shown in Equations (10) and (11), where we assume
the Lagrangian fluid turbulent intensity is equal to the
Eulerian one. Equations (6), (7), (8), and (9) give the
time averaged fluid velocity components U and V. Sub-
stituting v,’, v.’, and Equations (6) to (9) into Equation
(15), we can calculate the Lagrangian particle trajectory
and the particle velocities during T'pi(t; ~ ¢ + Twi)

under the particle initial conditions (r = r, z = =z,
dr/dt = vy, dz/dt = vp,;). Hence, the particle position
and the particle velocity components at t = t; + Tp;

are obtained; that is, r = 7,41, 2 = Zi+1, Upr = Upri+1s
Upz = Upzi+1.

Similarly, the fluid fluctuating velocities v,” and v,
at the next point (r = r;;;, 2 = 2;+1) are obtained, and
the Lagrangian particle trajectory and the particle vel-
ocities during next TL(ti + Ty~ 8 + T + TLi+1)
are calculated under the next initial conditions (r = 741,
3 = Zj41, dr/dt = Uppit1, dz/dt = Up11). The process
noted above continues until the determined diffusion
time passes. When ¢ = t; 4+ Tp; the Lagrangian velocity
correlation of fluid becomes zero temporarily, Namely,
this eddy disappears, and then an independent eddy
appears in turn. This newly born eddy affects the par-
ticle movement for the next Tp. Hence, the fluctuating
velocity of turbulent flow for the time between #; and
t; + Tp; keeps its direction and scalar determined at #;
during Ty;. Therefore, it is the average eddy that affects
the particle dominantly. In our model, as may be noticed,
the effect of small eddies is considered negligible based
on Hinze’s proposal (1972). He studied the effect of
filtering these small eddies in the calculation of dif-
fusivities, His result showed that the calculation con-
sidering the average eddy and neglecting the small ones
is approximately correct. The cross-velocity correlation
is also regarded as zero, according to a report by Lee
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Fig. 3b. Particle trajectory model.

and Dukler (1976). They showed that the effect of
cross-velocity correlation is negligible until the diffusion
time is about 100 s. The maximum diffusion time of the
present work is the time which particles flight from the
nozzle exit to the furthest point [in case of U, = 20 m/s,
z = 50D (see Figure 13)]. The calculation of Equation
(15) gives the dimensionless time ¢ = ¢tN,/D ':. 200; then
t = tD/U, = 0.1 s, Hence, the diffusion times in our
case are smaller than about 0.1 s. Fluid fluctuating vel-
ocities in the numerical calculation are simulated b
normal random functions. Hetsroni and Sokolov (1971)
and Ribero and Witelaw (1975) gave experimental data
that show that the probabilities of turbulent fluid fluctuat-
ing velocities in a round jet are nearly Gaussian. There-
fore, this simulation is reasonable. The Lagrangian in-
tegral time scale can be obtained by using Equations
(12), (13), and (14) and Corrsin’s relation

T, = L/\/<u?> (19)

where <u’?> = <u,2> + <u,/?> + <ug?>. As Heske-
stad (1965) reported from his experimental result that
<u,/?> is nearly equal to <ug®>, our calculation was
performed on the assumption that <U> = <ul?> +
2<u,2>,

On the numerical calculation of Equation (15), the
Runge-Kutta-Millen method was used. Here, the prob-
lem is whether or not the particles influence flow prop-
erties. In a later section it will be shown experimentally
that the volumetric flow rate ratios in this work (Q/Qa
= 1.99 X 107%) are so small that the effects on the
flow of the fluid are negligible.

Particle Turbulent Diffusivity

If we calculate turbulent trajectories of a large num-
ber of particles starting from a same point by using
Equation (15), a variance of particle displacements ot
an arbitrary point and an arbitrary time can be obtained.
Since the turbulent flow field in a jet is homogeneous
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Fig. 4a. Experimental setup.
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Fig. 4b. Experimental setup.

in time, these particles can be averaged. Substitution of
the variance into Equation (3) gives the particle tur-
bulent diffusivity.

EXPERIMENTAL

Experimental Setup
The experimental setup is shown in Figure 4. We used
compressed air which led to a storage tank from which it
entered the plenum chamber (D . From the plenum chambgr,
the air passed through a honeycomb straightener (%) and
converged to another plenum chamber 80 mm in diameter
. In this plenum chamber, three 18 mesh brass grids
were located for producing homogeneous turbulence.
e dust injector was located on this chamber. The
round jet originated from a nozzle 8 mm in diameter (@ .
The nozzle was designed, according to a scheme suggested
by Smith and Wang (1944), to produce uniform velocity
at the outlet. The resulting round jet exhausted into the large
chamber confined between two horizontal walls extending
1.5 m downstream from the nozzle exit and 0.4 m to either
side of the center line. The Reynolds numbers of the mean
flow based on the nozzle diameter were 2.8 X 10% to 5.6
X 104, Velocities traverse were measured with a pitot-static
probe (2 mm diameter) and Gottingen micromanometer. A
brass tube calibrated in the wind tunnel was used as the
pitot-static probe. The dust was fed into the injector by a
smooth auto feeder (Taisei Kogyo, type CF-52) (8. The
output of the smooth auto feeder was maintained at approx-
imately 0.02 1/hr. Two kinds of fly ash were used for the
particles. Fly ash was selected as the aercsol particle be-
cause of its spherical shape and easy dispersing. The par-
ticle size distributions were determined by the Andreasen
pipet method. The computed mass mean diameters were 15
and 20 um, and the standard deviations were 2.1 and 2.5
um, respectively. The particle density is 2.0 g/cm3. The mea-
surement of particle concentrations was performed with a
photoelectric dust counter (Shibata Kagaku, type S§-634)
@ calibrated by the weighing method (dust tube ) (J.1S.
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Fig. 5. Calibration curve of electric dust counter.

28808 method ). The count number of the electric dust counter
(the intensity of scattered light reaching the photodetector)
is plotted vs. the particle mass concentration in Figure 5.
The count number is linearly related to the particle mass
concentration. An isokinetics dust sampling was performed.
The sampling probe () 3 mm in diameter and the pitot-
static probe were installed on the traversing equipment
@ . The time averaged fluid velocities and the time aver-
aged particle concentrations were measured at seven distances
from the nozzle exit, that is, 2/D = 10, 20, 30, 40, 50, 60,
and 70. At each cross section, data were taken at fifteen
different points in each cross section.

The measurements were carried out for air and dust laden
jets with volumetric flow rate ratio Q/Q, of 4.0 x 10-7 to
2.0 x 10-% at the nozzle exit. The issuing velocities were
kept at 20 to 100 m/s for these tests. The particle con-
centrations C, (0.8 to 4 g/m®) at the nozzle exit were

measured at the center line in the potential core (z = 4.0).
Needless to say, it is important in this work to keep C,
constant during the measurement. The deviation of C, with
time was within 5% as indicated in Figure 6, which is
satisfactory to the condition.

Experimental Particle Turbulent Diffusivity
The equation defining the particle concentration distribu-
tion for the round jet is
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Fig. 6. C; vs. time curve.
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In Equation (20), the following assumptions are made:

1. The flow is steady, incompressible, and axisymmetric.

2. The interaction effect among particles is negligible.

3. The axial component of particle mass flux by the turbu-
lent diffusion is negligible compared with the convective one.

4. The molecular diffusion is negligible.

5. The time averaged velocity of particles is equal to that
of fluid.

The calculated results (see Figures 8 and 9) point out that
assumption 5 is reasonable in the region far from the jet
exit. Hence, Equation (20) is only applicable to the same
region of the jet. Assuming the similarity of distribution in
U, V, and C [see Hinze (1959), p. 416], Hinze gave the solu-
tion of Equation (20) as follows:

In v /ln © {21)
Epr — — —
e U | T Cm

Hinze (1959) also gave the experimental value that e, =
0.013 UoD in the main region of the jet. Hinze’s result of
em is applicable for the present work because the Reynolds
number of the present work is nearly equal to that of Hinze.
Hence, if we measure C/C,, and U/Uy, the experimental
values of epr can be obtained by using Equation (21). In
the region where assumption 5 is not applicable, that is,
the small z region, the equation defining the particle con-
centration distribution is

aUp aVp aC éC 1 4 ( oC )
c C U. \% = —— —_—
9z + or +Y% 3z TV or r o\ g

(22)

It is very difficult to measure the high speed velocity of
the small particle (U, and V). Hence, if we measure C/Cp,
the experimental values of e, cannot be obtained by using
Equation (22). Therefore, the Eulerian method based on
ex&)erimental results of particle concentrations cannot give a
value of e for small z. The only method that give ey for
small z is the Lagrangian method mentioned in a previous
section.

RESULTS AND DISCUSSION

Time Averaged Velocity
The experimental distributions of time averaged air
velocities of the air and dust laden jets are shown in
Figure 7. One side of the distribution of time averaged
velocities and dust concentrations is plotted because its
symmetry on the jet axis was verified. It is clear that
the volumetric flow rate ratios in this work are so small
. that the time averaged fluid velocity of the dust laden
jet is equal to that of the single-phase jet. Hetsroni and
Sokolov (1971) experimentally showed that the fluid inten-
sity of the dust laden jet (Q/Qa = 3.08 x 10~% to 7.79
X 1078) is nearly equal to that of the air jet. Hence,
it is evident that the fluid intensity of the dust laden
jet in this work is in turn nearly equal to that of a air
jet, since Q/Qa is smaller than that of Hetsroni and
Sokolov. Therefore, fluid properties of the single-phase
jet can be used in this work. The solid line in Figure 7
calculated by using Equation (8) expresses experimental
data well. It is noted that the data from the various dis-
tances do not support more than one curve and that the
similarity in the time averaged fluid velocity is satisfied.
Popper et al. (1974) obtained direct information on
the droplet time averaged velocity in a round turbulent
air jet by means of the Laser Doppler velocimeter, Their
results indicated that the time averaged velocity differ-
ence between the fluid and droplet at the jet exit was
about 6% when the droplet relaxation time = was 7.7
X 1073 5. Since the particle relaxation time in the pres-
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Fig. 8. Calculated time averaged axial velocity distributions of
particle and air.

ent work is 2.5 X 10-2 s, it is considered reasonable
that U, is nearly equal to U at the jet exit. Substituting
the initial condition U, = U, and V, = 0 at the jet
exit, we can calculate turbulent trajectories and velocities
in the dust laden jet by using Equation (15). The cal-
culated time averaged particle velocity was determined
by averaging a large number of particle velocities at a
point calculated by Equation (15). The number of
particles counted, N, was about 200. The deviation of
the result, which depended upon N, is inversely propor-
tional to \/N. The maximum deviation was about 79
for N = 200. The calculated distribution of time averaged,

center-line particle velocities Upm of the dust laden jet
is shown in Figure 8. The larger the Stokes number is,
the more slowly U,n decreases with the increase of z.
TUpm is nearly equal to Uy, in the region far from the points
(z =80 for¥ = 34,z = 42 for ¥ = 15, z = 65 for
¥ = 30). An example of the calculated distributions of
Up/Up and U/Uy, is shown in Figure 9. The region where
Up = U is the coincides with the region where Upp
= Um. An example of the calculated distributions of
U, is also summarized in Figure 10. The dimensionless
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Fig. 11. Experimentol results of C;/C, vs. z plots.

form of U, divided by U,,, satisfies the similarity. The
distribution of fluid velocities is wider than that of
particle velocities, for particles, in spite of the effect of
turbulence upstream, tend to keep their initial velocities
because of their inertia. The distribution of time aver-
aged particle velocities becomes narrower with the in-
crease of ¥.

Particle Concentration Distribution

The dimensionless particle concentration Cm along the
center line of the jet is shown in Figure 11. The increase
of ¥ makes it difficult for C, to decrease. The line in
this figure indicates the curves of Crn = A/( z + @ ) which
Hinze assumed from the requirement of similarity in C.

We used @ = 0.8 which Hinze gave [see Hinze (1959),

Page 516 May, 1978

o

o Up/Upm(—)

i S ] 1 H ) 1 ] l

010 r/z(~) 015
Fig. 10. Calculated results of Up/Upm vs. r/z plots.

b ] ] - l 1

0 0.05

p. 426]. Experimental values of Cm can be approximately
expressed by A/z + a curve.

Log-log plots of the experimental distribution of par-
ticle concentration C/Cy, vs. U/U,, in the regions where
Up, = U are shown in Figure 12. From these values of
In C/Cm/In U/Us, the experimental e, can be obtained
by using Equation (21). It is seen that the data from
the various distances downstream fall on a single curve.
Hence, C/C,, may be expressed as a function of y = 1/2,
because U/U,, is a function of 5 only (see Figure 7).
It is experimentally confirmed that the U, = U, and
the similarity of distributions in U and C, which we
assumed in the foregoing section, are satisfied in the
regions where z = 30; in the case of ¥ = 3.4, 7 = 42;
in the case of ¥ = 15, % = 65; and in the case of ¥ = 30,
respectively. Therefore, reasonable particle diffusivity in
these regions can be obtained by using experimental
values of C/C,, and U/U,, and Equation (21). The dis-
tribution of C/C,, is narrower than that of U/U,,, (com-
pare dotted lines with solid lines in Figure 12), and it
becomes narrower as ¥ increases. The narrower it is,
the smaller the diffusion of particles becomes. In other
words, particles tend not to diffuse easily when ¥ in-
creases.

Particle Turbulent Diffusivity

Time averaged particle displacement <r,>> and vari-
ance of particle displacement <(r, — <ry;>)2> were
obtained by averaging a large number of particle tra-
jectories (N = 200) at an arbitrary time #. Substitution
<(r, — <rp>)%> vs. t curve into the Equation (3)
gave the particle diffusivity at an arbitrary point in the
jet. Calculated results of dimensionless particle diffusivity
&r = &/ (U,D) are shown in Figure 13, where param-
eter 7, is the particle initial dimensionless radial distance
at the jet exit. Examination of this figure reveals that
particle diffusivity in a jet decreases with increase of
Stokes number, Since the particle inertia increases with
the increase of Stokes number, the particles do not follow
the fluid turbulent components in a jet. Hence, the fluc-
tuating velocities of the particles become smaller, and
epr decreases with the increase of ¥, It is also shown
that the particle diffusivity increases with z initially and
eventually becomes nearly constant. One of the reasons
why deviations for small z are caused from constant
values of ¢, is that U, # U. However, since e, =
em/UoD is not constant in the transitional region (see
Figure 1), e, in the region does not become constant

ifU,=1T.
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Fig. 12a. Experimental results of C/C,  Fig. 12b. Experimental results of C/Cn  Fig. 12c. Experimental results of C/Cp
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The fluid turbulence is developing from the jet exit
and the fully developed turbulence is established at <10 Exoerimental resul Calcutated resul
the entrance of the main region (see Figure 1). There- ‘_0“ P e -V ave) —£Cs oFag — j, 930'951“5 _
fore, e, increase from zero at the jet exit with increasing w§ | ~C ;‘,’:‘3‘% aph s rg13 s olo
z and reaches a constant value at the entrance of the 8 —— v=3 R s TaTaTA
main region. 2 an

Since the particles cannot follow the fluid motion sf ©  aa _oqga@_QA N
owing to their inertia, the distances from the jet exit, A o
where values of e, reach constant, increase with the 4l &L A AR
increase of ¥. As shown in Figures 8, 9, and 13, the % 8, Nl -
value of z where '¢,, reaches constant coincides with the A . OA a, 3 °®
value of z where U, becomes equal to U. It may be o Ay 3
considered that particle turbulence develops fully in P . ‘ . . .
the region where ¢,, becomes constant. The fully de- 0 10 ~ 206 30 40 50 60 70 80 -
veloped turbulence of particles is given further down- . . ) ) z

i Fig. 13. Comparison of calculated and experimental particle diffu-

stream than that of the fluid. sivities

The probability density distribution of the fluid fluc- ’
tuating velocities for small 2 somewhat deviates from 4
the Gaussian, since the fluid turbulence for small z does T o Calculated result _
not fully develope. Hence, non-Caﬂ_Jssian behavior of <3l o Experimental resuit o0
the fluctuating velocities for small z may be also one S G/G/
of the reasons why the value of :p, is not constant. The " ) o
value of ¢, becomes larger with the increase of 7, in v
the transitional region of the jet. This is a reason why .
the radial distribution of fluid integral length scale has 1lo
the maximum value at 7 = 0.5 near the jet exit and
becomes nearly constant in the cross-sectional area of
the jet when z = 20 as shown by Laurence (1956). o ' 10 ' 20 ‘V(':) 30

Values of C/Cy, in Figure 12 fall on a single straight
line. Hence, ep,/em is constant in the region where our
assumptions mentioned before are valid. The gradient
of In U/U,, was obtained by the least-square fitting of
experimental data. Substitution of this value into Equa-
tion (21) gives the experimental value of ¢, As men-
tioned in the preceding sections, Equation (20) is only
applicable to the region of the jet where U, = U. Hence,
the experimental value of ¢, based on Equation (20)
should be valid within the same region. As shown in
Figure 13, calculated results of ¢, are in good agreement
with the chain, the solid, and the dotted lines (the value
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Fig. 14. Turbulent Schmidt number in Uy = U region.

of experimental ¢,,) in the region of the jet where T,
= T. Hence, it may be concluded that calculated results
of the present work estimate true value closely in the
jet. The plot of the turbulent Schmidt number in the
U, = U region vs. the Stokes number, which was ob-
tained by using the values of ¢,, in Figure 13 and Hinze’s
experimental value em = 0.013, is shown in Figure 14.
Values of S, at ¥ = 0.016 and ¥ = 0 are the results
obtained by Goldschmidt and Eskinazi (1966) in the
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dust laden plane jet and by Hinze (1959), respectively.
Indications of log-log plots of experimental distributions

of particle concentrations and plots of “epr vs. V¥ in cases
of ¥ = 18, 21, 25, and 27 are omitted in this paper for
the sake of simplicity. S, increases linearly with the
increases of ¥, except in the range where ¥ is very small.
These results indicate that the diffusion of particle mass
becomes slower linearly than that of fluid momentum
with the increase of particle inertia.

Lilly (1973) obtained the result that the larger par-
ticles ‘were transported more effectively by turbulence
than were the small particles or molecules. Lilly’s flow
field was a plane jet with a dust laden uniform flow at
right angles to the jet center line. The velocity of the
uniform flow was comparable to or larger than the jet
velocity component in the same direction {(lateral direc-
tion) (see Lilly’s Table II). Hence, the convection of
the uniform flow dominated the particle transport across
the jet in the Lilly’s flow field. A higher particle con-
centration was attained at the opposite side of the jet
because the larger particles were transported faster across
the jet by inertia. Lilly mistakenly thought that the par-
ticle mass flux transported by turbulent diffusion was
equal to the whole particle mass flux transported by
convection and turbulent diffusion. Hence, he might have
concluded that the larger particle size, the smaller tur-
bulent Schmidt number became.
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NOTATION

C, C’ = time averaged and fluctuating particle concentra-
tion, kg/m3

C, = particle concentration at the jet exit, kg/m?

Cn = particle concentration along the center line of
the jet, kg/m3

d = particle diameter, um

D = nozzle diameter, m

Dy = molecular diffusivity, m?/s

L = Eulerian spatial integral length scale, m

L, = the Eulerian spatial integral length scale at the

center line of the jet, m
Qu, Q = volumetric flow rate of the air and particles, m3/s
r,z = coordinates, m

p = particle displacement, m

S = particle stopping distance, m

S. = twbulent Schmidt number

T; = the Lagrangian integral time scale of fluid, s

U,V = longitudinal and lateral time-averaged fluid vel-
ocity components, m/s

Um, Upm = time averaged, center-line velocity of fluid
and particle, m/s

U, = issuing fluid velocity, m/s

Up, V, = longitudinal and lateral time averaged particle
Velocity components, m/s

v = Eulerian fluctuating fluid velocity, m/s

v, v, = Lagrangian instantaneous velocities of fluid and
particle, m/s

¢ = Lagrangian fluctuating fluid velocity m/s

z = distance from jet nozzle

Greek Letters

€ turbulent diffusivity m?/s

€, & turbulent diffusivities of fluid lumps and par-
ticles, m2/s

em = turbulent diffusivities of Auid momentum, m?/s

n = 1'/ 4
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fluid viscosity, kg/m s

ﬁ, pp = mass densities of fluid and particle, kg/m?
T = particle relaxation time, p,D,2/ (18u), s

v = Stokes number, p,D,2U,/ (18uD), —

V = vector differential operator known as nabla
< > = time averaged quantity
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A Modal Approach to Dynamics

of Nonlinear Processes

ROBERT J. FISHER

Approximate process dynamics of certain nonlinear systems can be esti- and

mated by elementary quadratures using a modal approach. The transient re-
sponse including quadratic nonlinearities is determined by the eigenvalues,
eigenvectors, and adjoint eigenvectors of the linearized system equations. The
only restriction is that the dominant eigenvalue of the linearized system must
be widely separated from the next slowest mode. Several process models sat-

isfy this requirement.

MORTON M. DENN
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Newark, Delaware 19711

The method is illustrated by application to a fourth-order model of a fluid-
ized bed. The dynamical response is in agreement with numerical solutions to
the complete model equations, including estimates of finite regions of stabil-

ity.

SCOPE

The field of process dynamics has been concerned almost
exclusively with the response of linear systems. This re-
stricts the analytical understanding of the response of non-
linear processes to a small region about the steady state
where a linear approximation can be assumed to be valid.
There are two difficulties associated with this restriction:
the analyst has no a priori knowledge of the limits of ap-
plicability of the linear analysis, and information about
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process behavior beyond the linear region must be obtained
by direct numerical simulation. Numerical simulation can
be tedious for systems of high order and/or with many pa-
rameters. Numerical simulation is particularly difficult
when the system time constants are widely spaced.

This paper describes a procedure by which analytical
estimates of the dynamics of nonlinear processes can be
obtained for systems in which the slowest time constant is
widely separated from the other time constants. The pro-
cedure is an extension of the method of modal analysis and
retains the multiple time scales of the full nonlinear proc-
ess. The only computational information required is obtain-
able from the structure of the linearized system equations.
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